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A method is devised by vhich moment distrivution may be applied
in the ordinary manner to trussed bents end by which the effects of
truss thrust mey be included. A sipgle poinb at the end of the btruss
vhere moment end thrust cemn be varied indepesfently of each other is
located and defined as the "peutral point” of the truss. A substitute
colump-truss attachnent is devised to give a concentrated equivalent
Joint belween the column and the truss st the "neutrel mint,"‘ Thene
isnovations provide a substitute structure for the purpose of apalysis.
The sethod involves the dlatribution of moments only with the equivelent
Joints locked sgeinst translation, and subseguent ce;meum for the -
thrusts in a meauer anslogous to the similtensous equation methud of
ghear correction in waltistory building fremes. Buations %o express
the necessary truss constents are developed in gemeral terms of the truss
stress summations and trues dimensions. A substitute colunn is described
and the nocessary a&mmmméeﬂwmwugm
form. Bumepicsl examples of the determimation of the truss constents
are given. Ten mmerical exemples of the application of the mathod

are prosented and explained iz detell.
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V. HOMENCLATURE

an arce when sppearing in  1/AZ or A%
Young's modulus of elasticity
pbirevistion for fixed end soument

 abbreviation for fixed end thrust

horizontal reaciion oy foree
moment of igertia

individual trass membey length only when appesring in L/A%

totel truss length aﬁgewiw

& moment

a fixed end momead

individusl truse member stress (im pounds) due to
exterpal loads at the truss panel points

individusl trues mémber strese (nondimensionsl) 8ue to e
load of unity st a specified point, slvays with e
capatilized subscript H, X, ¥, or & Yo denote the
origin of the stress

& thrust

g fixed end thrust

& verticel reaction

eolusn woment stiffness

mopent due to volumn shear stiffness

trass tlaust stiffneas

truss moment atiffness

o colums length dimension
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trusy pamel length

colum moment cerryover factor (sdditionsl cepitalized
suhscrighs, 1f say, refer to the direction of
e&mwar)'

truss moment carryovey factor

distance from the upper end penel point of the truss to
the “"meutral point” |

an engular rotation

& transletion

truss dlstribvution factors for momsud

thend notation for the swmetion of the iedividual
products or squares of fh&m individusl truss Wr
stresses due %o a losd of unity, the product or

sgusre being multiplied by the L/AE of the respective
wember. Thet is, Z&gﬁg alvays lmplies Zsissg % ,
in this mwﬂmtm;a if the L/AZ term is not
specifically indicated in the summation. 1 = X,%,2 j

3 = X;¥;$



The opplication of moment distribution to trussed bents le not
entirely aew, having been applied with verying degrees of success hy
ot least one suthor™ and seversl previcus imvestigstors 223945, gme
prisciple difficulty in the application is that, in geeral, vhen the
end of & truss is rToltatsd resultant end thrusts are created, similer
to the action of srched or cwmved beams of solid eross seetion. 'mw

4ifficulty is that for a truss the mathemstiocal expression of the
| constents reguired for moment dAistribution is not relatively slimple as
in the case of s0lid beams,

Mangh® bypsssed the thrust problem by neglecting the effects of
thrust emtirely. later investigations®s3:%s3 have shown that although
tais cmiesion 1 not perticulerly sericus in the case of o sysmetricsl
vent with relstively flexible pin ended columns, the omission of the
effectn of Wn in bents with fixed column Leses, ralatively stiff
column and/or wousuel multibay structures cen result ia stresses which
cannot be neglectsd.

Three investigetors®s 1" have included the effects of thrusts and
bave used & procedurs of simmlten
about 8 jolst, convertisg from cue to the other Waﬁm of Aise
trivation. The copwergence by this wmethod is very slow. In addition;
the column woment sad shear stiffuesges are based o8B an eguivalent
length column in order to obtain s conceatrated point of attachmest to

s woment and thrust distribubion

the trusg sbhout vhich the wogents sa8 thrusts conld be balanced. .

»

e
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Asother investigator’ used the “peutral point” concept devised
by Cross aid Morgan® for arched type structures. This sgain reguives,
in offect, the simultaneous disteribudion of moments and thrusts
although the comvergence is improved grestly. The sclutions cbtained
ere witbhin englosering design acouracsy but the method 1e lomg and involved,
The most commonly wsed method for oblaining relishbly sccurste solutions
b this is relatively simple for o

is by the wethod of Least Work.

gingls bay structuve, for multibay structures the pethod becopws quite
igvolwed, the uem lsbby increasing scmg
of redundsnts in the structure.

The present investigation wes underitsken to cblain ¢ sethod which
would give reasomably accurate resulte and witdch could be eazily applied.
The method presented herein greserves the true deflection geometry of both
the truss and the column and furthermore converges t¢ the “exact eolution,”
a6 oblaiued by the wothod of least Work. It luvolves the distribution of

moments only with the joints Jocked against transletion, and subsequep
corvections for the Shrusts by o method emslogous to thet of the simulta~
neous equation metbod of shear correction for sidesway in muliistory
bullding frames.
ropid. It 1s believed that the method is essier to undorstand ond is
ecasier t0 apply then any of the previcus methods &wim, excepbing, of
coures, the erponecus cne where thruste are coaplately cmitted.

gence of the woment distribution is relatively

It 19 cosuped that the reader is femilier with the basic methods of
structurdl anslysie, inclufing sowest distribution and the method of least

4

Hork.



The method wresented herein z.smwmz'@nmmgwms

1. A linear stress-strain relationship of the materiel exists within
the magnitede of stress and strain considered.

2. The principls of superposition is valid.

3, 411 truss comnections are considered ploned and the lines of
action of the members are ooincidental with the pins.

4, A1l truss mmgw are concentrated at the panel points with no
loesl member bending.

5, Tue effects of axial losds on the columne are neglected.

6. The effect of column shear deformation is meglected.



fhe following Safiniticns ore those generelly sccepted end used in
the spplicetion of moment distribution sod were mmmm
"ndeterminate Structursl Analysis.”! As cuch, they ave not necesserily
sn esseutlal part of this preseststion and ave included only to remlud
the reader snd in orfer that thoy need not be reproduced in the body of
the material.

1. Absolute woment stiffoess is the value of the m’ﬁ, sgplied st
& simply supported end of & member, necessery to produce & rotation of
1 radisn of this sisply supported end, no translstion of either
end being permitied, end the far end being restrained or fixed.

2. The distribution factor for eny meuwber at & Jjoint is ml o
mmm»»&mmwaavamwmmwwaxﬂmuw
all members at the Joint.

3. The earryover factor is thet factor by which the developed.
moment at the roteted end of o member may be umitiplied (the otber
wmmgrmawmmma)%azwmmmm%%m
fived or restrsined end.

a.mgmmmaumssumwm“mmmﬁm
%awmummmwmmmammﬁamtﬁm
with respect %o the other end, the displacement being ia & dlrecticn

pdiculsr to the member axis, end the rotstion of emy rigld
Joint ot the ends of the meuber belng prevented.
. 5, The absclufe moment due to shear stiffaess is that moment induced
st the ends {or end, if the wesber is pimed st one end) of & mmder
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when one end of the member is Gleplaced o unit distance with

respect 40 the other end, the displacemsnl being o directiom

perpendicular to the meuber axis, and the rotation of say rigid

Joint at the ends of the mesber being prevented,

The folloving definitions ave intended Vo epply specifically to
trusses io this presentetion.

1. Absolube thrust stiffaecss is thal value of thrust, applied
at o slaply supported end of a truss, necessary to produce a horizontal
{axisl) tranelation of one unit st thet end, no rotstion of either
énd beliny permitted, and the far end ?:teaizzg fized against translistion.
{dote thet the requirement of no end rotation wmey or may uot reguire
an epplied mzft at the end.) "

2. The e.mﬁ. carryover factor is that fector by which the
developed thrust at the translated end of o truss may be muliiplled
{the other end beilng fimed) to give the induced thrust at the for
end, {The value @f‘ the thrust carryover factor in this presentation
is slways negative unity. That is, the thrusit at the far end iz egqual
and opposite to the daveloped thrust.)



A. Toe Jesst Work solution of & trussed demt
Consider the Least Work method of solution of the geseralized trussed
vent shown in figuwre l{a). Por simplicity and convenience hinged column
WMWGMW‘ Because the lesst Work method of eclution is
well known and is esveliloble in mumerous texts, various steps and minoy
details have been omitted hera. The total strain emergy in the structure
is given by

Ues Z(ﬂpi‘rnﬁag)a -t-% h%—ﬁs‘bﬁj %%

L+

Where

apiwmﬁm-awmwama&mm.

By = Truss member siross due to My = 1 uait,

My = Bending moment in column "1° due to Hp = 1 unit. 41 = 1,2
Mmmwmmz resction Ky is oblained Wy applyiog Cestiglianoc
Becond Theorem snd solving for Ny.

W 3 L Py > by,
. R R N k% .
Z(m*mm“*/@ mhypwe] o

Recognizing that the acment oxpressicus are explicit in Hy epd that ¥,
may @ factored from the integzral terme

g L
=) ) oy 8 3%

)%@éoj m«-éa j b’”ﬁes

nﬂ“

" where » is now @ funcbion only of the column lengthe and loads.
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(b) Column force diagram.
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(c) Truss end deflection diagram.

Figure 1.~ Single bay bent and elemental details.
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The recdundest remction i obtaised by this wethod is considered
the "exact soluticn” within the limits of the assumptions previously
stated. With B, known the bent becomes statically datermizate.

Now consider colamn 1 es a free body as shown in flgure I{b). FProm
the column M/EI Qisgrem the relative shape of the deformed coluwmn mey
be computed but the sbsolute horizomtsl deflsctions of points C snd B
relstive to point A camnot be determived from this informetion alone.
The sbsolute sumerical displscements may be found by various technigues
using the emtire styucture but this would yeguire considersble sdditscoal

work. However, mumerics) gquantities are not seccasary to form s gualitative
doseription of the end movement.
The ends of the truss have

ge gome hopdzontal displacoment
from C to C' eod from B % B' as shovn in figure (). This
Wi@ pattern mey be expressed uniguely as & rotation of o straight
line through the truss end pointe about some point 0 sod e horiszontal
transistion of point O in relation to point A. The location of point
O along the line ab ia completely srbiirary.

3f the colusn is replaced Ly » rigid bar connecting the pointe O,
B'y; and O, the end of the truss could be held in its deflected position
by the spplication of & moment end & thrust applied at polat 0. In
mmmmaw‘mhmuwmmummmmw
point O and the votation 9.
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B. Tse tross and its end deflactions
eding section the deflections of the end of the truss as
a port of the whole structure was exsmined. Now consider o generalized
truss as shown in figuwre Ha) where X,¥, sod 2 vepresent genorsl end
loads at the respective loestions. In the following discusaion where
the Least Work method of solution for unknons is used
By = truss mesber sivess due to X = 1 uwnitb:
8y = truss member stress due to ¥ = 1 wait
8y » truss member stress due to 2 = 1 wunit

wd

The applisd forces X,¥, and 2 ave positive ss shown.
The total styain ensrzy in the aystem is given by

U= %Z(xsx + Y8y + 28y)° % (2.00)

By attaching & rigid ber to the lef% end as shown in figure 2{b) a
force system applied st H can be trenamitted to the truss. The resultest
forces at the chord ends sre shown in Pigure 2{c), the applied forces to
the truss end being of opposite sign. Being mm in the deflections
of the left end only and slso in order to conform to certain defimisions
which will be required latar, let the right end be Pixed as shown ia
figure 2{b). Bubstituting imtc equation (1.01) for X and ¥ the values
intevms of T and N from figure #(c), the stysin enspgy expression

becones

. g
ga%?ﬂ, [&;.M@*gﬂ%n[%@*%]%owg % {1.08)
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(a) Redundant force diagram.
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(b) Truss end moment and thrust.
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(4) End translation. (e) End rotation.

Figure 2.~ Truss end force systems and deformations.r
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The end deflections of the left end may be described completely from
the egueticns obtained by applying Castiglianc's Plrst Theorea

e

u

) (1.08)
30

i e {1.05)

Bguation {1.05) is used to eliminate 2 from the other two egustiocns.

There exlsts some point N at which an applied thrust T will
produce a horizontal defloction 2y Wwith no end rotetion 9y and o
resultant moment N, as shown in figure 2(d). The location of this
point msy be found by setting

.g%mz” [&%ﬁ’? %] [E'ﬂ%' %%&%(ﬁ @ “ﬁ (3.*06}

W oTeebed Bl (3. K E08; 2 =
” :i.,[ ” '&»hjsg Lew*b?]sx+z@%sgm o (2.07)

The pogent M has been specifisd s zero. Therefore it vanishes from
equations (1.06) and (1.07). From equation {1.07) for M =0

-

a“fﬁiiiﬂm% .E.?_...m
: L L
‘3%’3&3 : ’)&g@w

To aimplify the expression of the equations containing the summations
of the truss mesber stresses 1t will be comvenient to imply the isclusion

e
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of the term L/AR in the summation where the suwmation sysbol is applied
o individusl terms. That is

) o wmiies ) of

Torcid

From equation (1.00), substituting for 2, and solving for &

Byly,
}s§+)sgax+«%¢m()smns¥s>
) &
4~ i . (1.08)
- u.m +:,m2'“”i-m .;m-;
) & 2) Ber+) of = [_};sm LM’J

There exists alec some point, say W', at wbich a msooent may be

' applied which will produce oaly s rotetion @f, with no transiation A&,

apd no resultant shrust 7T, s shown in figuwre 2{e). From statics it

is obvivus that the application of the moment st any point along the ber
will produce the seme rosultent forces st B and C. However, the
deflections of points B and ¢ wunder this losding will define a point

B’ ot which no translatiocn cecurs. To locate this poist use equation {1.07)

.%uﬂ (3*'97)

@nf M?%ﬂﬁga[ﬁwnjg;&gMQ? M’.ﬁxa

® LA me By (e bg
5’ L
gﬁr};\g o 3 (1.09)
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The thrust T hes been specified as zero. Therefore, id vanishes from
both equations. Then from equatiom (1.07) for T w O

E‘“&ZJ%“ZJ%-
. ho ‘ ”S"‘gg

gubstituting for 2 im eguation (1.09) and sclving for &

D T

el ) of + ) sy o%?@m EW)

5'

R I

Thio equation is identical to equation (1.08). Therefore, the points N
and §' ore identical, amd B' = B. |

It is therefors estsblished thet sny Gisplacement of the poists ¢
sod B due to any forces X and Y can be expressed uniquely by the
sppiication of the force system T asnd N acting ot poimt B, and alsc
ccuversely so. Furthermore, T sud M are independent of each other,
and the order of applicstion is lmmateriel.

Rerein liee the basic premise of the proposed method for applying
momont distribution; for at the point N the moment
the moment.

may be varied
ing the thrust, end the thrust may be varied without changlog




T

Bocevuse the point ¥ cbvicusly may not colncide with any part of
a colwsn sttached to the truss, the next step le 4o exsmiune the columne

C. The amubstitute column

The truss attachment to the column Mm of m'pm Joints,
B end ¢, figure i{a), the column being contimmous botween A snd C.
The problem is to obtain o concentrated polat of attachment on the colums
or an exteosion of the column at vhich & sowent and horisontel force
(thrast or shear) mey be applied end yet make the column behave and
deform as if 1t were sttached to the truss at points B and O.

Both conditions are satisfied by the scheme illustveted ia
figures Ha), 3(v), eod 3{c). A rigld bar G 45 sttached to the column
by pins at the corresponding points of sttachment of the trusse. Another
rmgmmx is attached %0 the truss at the end-psnel poinis. Both
the coluum and the end-pmnel points of the truss syre free to rotate st
these pinped jolots relative to their respsctive rigid bars. The rigid ’
truss bar, or bracket, and the rigid cclumn dar, or breacket, ave comnected
by & siogle concentrated rigid joint J, UThe rigid Joint J prevents
relstive rotetion between the two bars. Through this Joint J, mouent
and thrust are traneferred botween the colusmn and the truss. All force
systems used lie in the single plene of the bent snd coluans.
It 16 obvious thet since the joint J and the Wreckets ave all
rigid, thet for auy end retation or translation, the polsts dn the column
mwmwmwmuam&wmﬁmmmzhwmam
snd-panel points of the truss iteelf. Furthermore, by stebics, 1t is
evident as shows ia figwes #{a), ¥(v), 5(2);, snd 4{d) that the force
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@, Truss
L Truss top chord
—_ Rigid truss bracket K

~ Rigid joint J

Rigid column bracket G

hy

Col. Col.

W%A A 7%___

(a) Partial elevation of bent. (b) Bracket schematic end view.

Coal. L“M
(e¢) Bracket perspective.

Figure 3.- Substititue column-truss attachment.
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(a) Substitute column force system. (b) Force system in real column.
A hl
%?5 - IEi}{ —
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h
< s =h_2H '
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H \ H
(c) Substitute column force system. () Force system in real colwm.

Pigure L.~ Column force diagrams.
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system existing ia the resl columa-tyuss sttachment is idemtical to
that existing in the acbstitule coluum~truss attachment.

In order to goin adventage of the speciasl truss properties found
in the ng section, it is necessary only to define the locaticn
of the rigid Joind J a8 coineiding with the "neutral point”™ ¥ of
the truss. OFf course the substitute columa-tmes etitschmest is lmaginery
and useful for the purpose of anslysis only. The only remelning requirement
is that the several stiffness factors apd the moments accompanying unit
translasions for the solusn must nov be defined relstivé to the "newtral

point” N rather then ot some point ou the colwma. This is illustrated
completely in section XI.

The poiut ¥ 1is here defined to be the "neutral poimt” of the truss.
ft 1s the equivalent joint at which moments cen be belsnced in spplying
woment distribution to a trussed bent.
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X. THB TRUBS COURSTANTS

. Gepersl derivations
The necessary truss constants reguired for *ma_ applicetion of
noment @istribution wey be cobiained in part from the egustions developed
in sgction IX, B. All of the constants are defined relstive to the
"meutral point,” point B. The following derivations are in general terms
into which numericel values may be substituted for the particular truss.
L. Moment stiffness.

The moment stiffness K, may be obtained from equations {1.04) and
{1.05). The resultent thrust T bas been shown to be serc, lsaving

\.“" }Mi
% ;e & - Gt =
;:: wowe muﬂ”
™
ht? %, e}
Pl
{} ﬁ&!‘l‘
L P

‘,. i &H - ! I
3 | oveoin P e - Pt P
fi \bo Sx he By + [\ by o) B8 © ¥

From which, setting @y = 1l rediesn;

(1.11)

~

3

o = e ) - z
) SX-2) BgBy +) 5§) - ~—, byBy = ) BBy
Ma ot Lo y s’gé..: £ -

R

§
Pyl

n%u(

The unites of Kp are length times force per radisn. Agein it should

wny

be noted that in ell of these equstions ) 5i8; implies ) 548 A%

2. Larrvover factor.

The moment at the right end of the truss is hip 2. Therefore the

caryyover fector is



-."“’«. ’ '-‘1'; '
b 2 )58 - ) Byl
Ty T T (2.22)
el ) 88

The cegzyover factor is nondimensional.
%. Zhrust shiffoess.
The thrust stiffness X, say be cvbained from egustions (1.03)

sad (1.05). The resultant moment hag been shown to be zero, lesving

)M sz g ) BrSz

2 e Bbg W
>"”:f ﬁi
F

KA P RIECRRY. & o |
L[M(&+h9)¥3‘/x hgéwy*ﬁsh][- T ok T OY\EE < 4w

From vhich, setting Ay = 1 unit

T = By ®
Syl
e e
o 2 [%-phg)\ Syl *3) Eyﬁ,gl
(@wg) } sxa,s@(mm)! Sy + B — it
-
/ bz

{1.13)

The units of Ky are force per unll lengih.
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The deterainstion of fized end moment snd thrust reguires spother
stress caloulation for the truse loeding, These siresses are computed
from the truss as shown in figure %{a). ummmémmnaa
figure of the type in figure 2{a) a2lso the staeln enerygy in the

truss becsones:
tju%‘}ﬁ(%ﬁ#%ﬂ*m’fzﬁg)a& (1.14)

‘%ihm Sy = magber stress due to the exlernel loads.
BEquations in the three unknown reactions X, ¥, and 2 are obtaloed
by applying Castiglianc's second theorem.

%u E- ww
2 a;%% 0 L-o (1.35)

The simultansous solution of these equaticns gives the end reactions.
These end resctions way be converted by staties into & moment and o
thrust scting at poist H as shown io Figure 5(b). This is the fixed
snd mement spd fixed end thruot for the particulsy truss loading. For
these resciions it i¢ desireble to use numerical values For the pertiocular
trass because it Lo not femsible ¥ express the solution in generalised
terss. The fixzed end moment and theust may also be found by using
figures 5{a) and 3(b). However, the previous methol ie gemerally more
convenient.

The folloving secticns B sud O provide muserical illustrations of
the Ma@m%i@n of the reguired truss constants. In general, the loastion
of the "peutral point” will be belween the top snd hottum end-psnel pointe .
for & horizostal parellel chopd truse and nbove the upper end-panel point
for & Pink truss., In elther of the sbove, equation (1.08) will give the
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J
1
Generalized truss

(a) Truss diagram for vertical load stresses.

Tl lPi LM T
of My I e
s |5
(b) Fixed end moment and thrust.
Figure 5.- Truss load diagrams.
X X 1 41 o
L =28
= =2
Bl > —7
_ll 4] = L,
(a) Load system and truss details.

)FM

(b) Alternate expressions of FEM and FET.

Figure 6.- Four panel Pratt truss.
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correct sign for 5: positive for H above, end negative for B below,
the upper ent-pasel point of the truss. Ho study hes been zede here to
determine for what type of truss if auy the “"neutral point” would be
located below the bottom end-panel poimt. If such should cecur, the
equation (1.98) should give the correct velue for b, However, a
regvaluation of the derivation should be made.

It can be shown thet in & horisontal perallel chord Pratt truss with
constent avea chords, the "neutral poist” is independent of the web
mramu loceted et the center of gravity axis of the top and
‘é;attm chorda.

B. The parallel chord truss - & particular case

A highly simpliried truss as shown in figure “{n) bas been méma

to illustiate the procedure lovolved i determining the truss constants.
The truss is & four-pansl flat Pratt with panel length 1 end overall

lengik L. ‘The cross-sectionsl srea of esch of the membera

is taken as

4, an arbitrary value. This truss is identical to the one used by
Spagouolo®. Using figure ({a), member stresses are somputed separately
for the mrtiml lond and the unknown Porces X, ¥, and 2, sach taken
separately, apd tebulated as in table A. Because 1I/AE 1z a constant

' in this csse it is omitied from the tebulation spd then applied to the
summations only. The use of fractions is for comvemisnce ig this psrtice
ulsr case. It should not be implied that this is necesssry. The location
of the "peutrsl point” and the txues coustanbs may be found by application
of the procedures outlined in sections IX-B and X-A. However, here, divect
use of the developed equations is resorted to, gubstituting muwsericsl
values from table A.
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From equeticn {1.08)
&ﬂ»%u*&ﬁ‘

The negstive sigs indicates that the location of the "meutral poist”
1s belov the upper end-panel polut of the truss, in this cese half way
vetween the top and bottom chords. :aﬂm particular case oBly, since the
chords are ¢of constent aves, it iawmbmmmmwf'm“m
point” is at the mv&tay axis of the top and bottom chords.

carryover factoy r e 0.3167

From the strain energy expression, egustiom (1.1h4), the following
egustion {(1.13) 1= obtaineds

-25)

& L

é‘?"}:i% Ry + 3*%}&@ (2.25)
2 L Y (aps ¢ xmasr + Yoyss + 28205+ 0|



The solution of these three equations wsing mmericsl velues from
teble A is
£« 1.7
Y = o078
Z = +0.,75H
This force gystes may be resclved by statlies into & monent
at the "neutral podmt” as shown ia figure &{b).

iyaiy,
?*aﬂ 1.7

L@ %,»0,75

T = 1.0

m%w b

ﬁﬁgiﬁ

C. The Pink truse - & particular case

A simplified Pink Wsmaemmmﬁwe?(a) is selected o
further illustrate the procedurs snd to provide mumericsl valwes for
later use. m{mﬁmmaammwwmwwmm
used by Vitigliano® snd Brown’. Truss mesbor stresses vere computed
from figwres T(a) snd 7(b) and tabulated in table B. The cross sectionsl
msa&'wmxﬁm’emn@ Ay o arbiteary value, except for
meubers CD, DE, w,wm,mmmmmmw As The
compatations in the table eve in terms of the truss geometry sad a unit
papel point losding and the final swmmations mest be maltiplied by
L/AE and by & lood factor P if P 1s grester then unity. In this
pardicalar case L = 16 feet ond the second summstion lime contains the
factor 1@/@1@ The equstions developed 1u section XeA are used diyectly
substitubing nasericel values from dable B.



i L =16 JT

Truss elevation

(a) Load system and truss details.

X
g T

(b) Redundant forces.

ll

(c) Fixed end moment and thrust.

Figure 7.- Fink truss.
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From equation (1.08)
5 « 0.0668

The positive sign indicetes that the location of the "neutral point"

is above the upper end~panel point of the truss.

| = Kp = 0.3272 AB
HEW:*‘ Kw'

carryover Pactor »r = 01770

Similar to the procedure in gection X-B, 4, the eguations (1.13)
are solved simultanecusly to cbtsin X, Y, and Z w5 shown in figure 7(b).
X = «0,8:91
¥ = -1.6724%
L m «).0Tih
Tais force system is resclved by statice, using figure 2{e), futo a
aoment snd & thoust acting at point ¥ as shown in figure T{e).

W?@%Kum.ﬁm :

) 1 .
o P g e B om $L.OT1E
by

b
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2O6E T e R = ‘*’1‘%&
00068 T + M= *31%

T & ~2.5005 = g
H» 3.5012 = git

The pegative sign for 7T indicates thet 1t acts opposite bto the
direction assumed in Pigure 2{a).
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The ordinery definition «f moment stiffness, ete., se given in
section VIII is commonly eppiied o the physical end of a solid besa.
Powever, no speclal defimition is reguired tc defioe these constants
about any pedat, 1 the locsbion of the poind is defined, the correct
force aysteme transferred; sod if it is recognized

that any Jedot rotation

o trenslation ceewrring in the application of moment distribution wost

mow oceur &t this point and nod at the end of the boam. It is necessary

only o follov the opdinery Gefinitions precisely in detensining he constants.
The lattar ie w&ia&l&x&: mmt in the carryover factor since ite
mognitude changes aé the logetion of the point changes snd since in

general it mey be different for esch end of the substitube coluan.

B. The derivetions

The derivations are simpilfied by the divect application of
moment distrivution as shown in plates I, IX, IV, ¥V, and V1. The
dorivations shown bave been made for the losation of the "newtrel polmt”
above the upper end-panel point of the truss or for & positive 5. The
derivations bhold also for the lecation of the "meutral point” below the
upper end-panel point of the truss or for o negative 8. X% is vecesesxy
caly to issert the proper elgn of & $n the esmpressions. However;, W
sveld possible confusion, pleate VII gives the reguired constants for
ench case for s negative B,

Plate I illustrates the derivetion of ealw; moment stiffnees for
binged column base apd & positi?® 5. Points B and C ave respectively
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nding points of attachuent of the upper sxd lover end-panel

points of the truss to the resl columm. The procedure is to remove

all restreints on the eclumn base at pam A and to rotate the colum
bracket and the column sbout point N through the smgle @. A hurizontel
force H is applied at point A bo force the poimt back to its origiaal
location wvhile holling the bracket in its rotated position and ageinst
translation. If mno rotation of the column ot B is allowed this trape-
lation of polat A, vhich 18 (b + 8), produces & fixed end moment of

381 9(h + 8)/b &t B. The normal procedure of reloxing the restraint

at B and distributing moments in the colwmn is then followed. The
column sheor H ot point A is now determinate. The moment Hy and
the bhorizontal force H required at point N to hold the braecket in the
rotated position may bve found by statics. The moment My for 9 = 1 radisn
" 48 Ky the column momest stiffness.

Plate II illustrates the derdivation of column shear stiffness and
poment due to shear stiffness for & hinged columm base and s positive
B. The procedure is to trenslate the bracket a distence &, holding
the bracket against rotation. If no rotation of the columa ot ¥ is
alloved & fized end mement of 38I A/b§ is crested in the colusn at B.
The remsining steps are similsy to those described above for plpte I.
The shear mmsn is given for identification but is not reguired in
this presentation. The important required comstant in this gase is
Kgr the soment due to shear stiffncss.

Plate IXI given the final slgebraic sxpressions for colum moment
stiffness Ko, snd column carryover factor rgy, for s positive B and
8 fixed end colunn base. Only the caryyover factor frem o w A is
given, It should be noted that the carryover factor from A to H la

-
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different. The latter Lfactor is not reguired in this presantation.
Hovever, if there were & source of verying moment st the base such
thet @ carryover from A %o ¥ would ocour then this facter would be
reguired. So examples of contimuing etructure or flexible buse supporis
are glven in this presentation. These cases can be handled by standard
@r@ms.
Plate IV shows the derivation for the expressions given io plate IXI.
The procedure 1s %0 remove sll restralsts from the -olumn bese at polat A
atd 1o rotate the column bracket and columm through the angle ¢, The
bracket is then held sgainst further rotation asd againet tremslation
snd the colums iteelf is held sgainst rotation at point B. The botiom
ond of the column is then returnsd $0 1%s originsl locatlion at point 4,
the end being held sgainst rotation., This translation causes fixed end
moments of
68X &/17 = 61 ®(h + 0)/nS
at each end of the column section AB. Although the eod of the colusa
" bas been returned to ite original locetion the end 18 nov in a rotated
position (perpendicular to the line od) relative %o the origisal column
center line. The end must be rotated through the sngle P to returs
it %0 1ts original position. In roteting the base through the sngle @
mm{w&mmummmwmwwm
h2X 9fny
mmwmfarm B i8 alec decyessed by the amcunt of
W from the base of
PouplUBL 9/m1) = 3 (45T 9/ny)
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‘fhe respective sums sre the sdjusted fixed ond momests in the colusm
section AB. Note Shat no fixed ond moments hove been created in the
column section BC in say of these cperstions.

The novmel mowent distribution procedure is now performed &% point B
resulting in the final balanced momentes et pointe A and B, 2s iodiceted.
The column base shear and moment st poiat A and the horizontsl force

and moment at point ¥ may now be obtalned by statics. The required
garryover factor from B %W A4 is cobbtaived as indicated on plate IXX.

Plate V¥ shovs an slternate derivation for the eputions given in
plate IXI. In this derivation the absolute deflections of points P
and € are used to cbtain Zixed end moments in the columm sections.
The fimal balanced moments are in different algebesic form than the
moments in plate V. Rowever, by algebraic mesnipulstion the respective
formes can be shown to be identical.

Plate VI shows the derivaticn of column shesr #iiffness and wmomente
due to shear stiffuess for o positive & and o fixed columm bese. The
colusn bracket ig displsced s distence & while allowing mo rotstion
of the brecket. The colum itself is held egaiast rotetion ot point B
causing fixed end moments of |

eax a2
at each end of the column cection AB. The moments are then dlstriduted
and the required forces and moments found by statics.

Plate VII shows all of the required comstants for each of the
preceding cases espressed for o negative b.
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PLATE T

COLUMN MOMENT STIFFNESS FOR HINGED COLUMN

SIUSUIOW POOURTRE

BASE AND POSITIVE B
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PLATE II
COLUMN SHEAR STIFFNESS FOR HINGED COLUMN

BASE AND POSITIVE &

Balanced moments

H N
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PLATE IIT
COLUMN MOMENT STIFFNESS FOR FIXED COLUMN

BASE AND POSITIVE &
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plates IV and V
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PLATE IV

DERIVATTON OF COLUMN MOMENTS FOR PIATE IIT
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PLATE V

ATTERNATE DERIVATION OF COLUMN MOMENTS FOR PIATE IIT
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PLATE VI

COLUMN SHEAR STIFFNESS FOR FIXED COLUMN

BASE AND POSITIVE &
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PLATE VII

SUMMARY OF COLUMN CONSTANTS FOR A NEGATIVE §
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1. Hinged column base Mp = 0
(a) Moment stiffness Ko = 3EI S:-;_Zl—

(b) Moment due to shear

stiffness Kg = 3EI %1-1—8)-
1

2. Fixed column base

(a) Moment stiffness

e 2 [(B =82+ om) -m(n-8)(2a+m) +h m?)
Ke = 6EI h12l_ hy (bbp + 3hy)

(b) Carryover factor

1 hlc(n - 8)(2h + hy) - 2h h]_]
2 (h - 8)2(h + 2ny) = hy(h - 8)(2h + hy) + h B2

TCNa =

(c) Moments due to shear stiffness

=Kg = __m_[(h - %)(2h + 4hy) - h3(3h - hoj)
ny(4hp + 3h)
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} A+ Bign conventlcn
If o mesber tends %o rotate the support clockwise, the moment is
copaidered positive.

B. ﬁzw]e h&y o
A complete description of the truss {8 glven ia Pigure &{a) and of

ric bent - fourepanel Pratt truss

the beat in figure 8(e). Thie purely ncademic exsaple was chosen for
simplicity of the firet illustration of method aud tw provide contiomity
by uee of the truss constants developed in section X-B. The truss

constante are
Moment stiffnecs Kp = 0.5657 AR
Thrust stiffoess K, = 0.25 AR
Carryover factor r = 0,1167
Fixed end moment gl = 2.5
Fixed end W §T = 1.0
Incation of "neutysl point” -] m ~1.0 £t

From the equations in plates T and JI, usin. the numericsl values
from figure &{a), the column constents are
doment stiffoess K, = 3.20h2 A8
Moment Gue to shesr stiffoess  Kg = 0.7292 AB
The firet step is to attach extermally Fized M@@t&:m
“newtral point” as shown in figuwre B{1) to prevent trenslation during
the moment balancing process. This is also knoun s an "suxilisry force
system.” The translation would ocour becauss of the column shear. The
truss FBEM's are applied and the momento disteributed snd balanced
accoprding to the usual noment disteibution procadure ss indicated
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L=8
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(a) Elevation of bent.
Numerical
+FM FEM's My values
R . . T—
I » — : 2.5
B} - . C
& +MB +«— Balanced — -Mp —
N moments T 2.2710
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' FI'=1.0
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(b) Substitute structure and schematic moment distribution for step 1.

1.5, M = |
- | Mg = 2.2770

1.3253 T g _)}T - 1.0 ‘"{ i =

D~ Sym. abt.CE‘
Hp
—l A
0.3253 1
1.5

(c) Eguilibrium diagram for step 1.

Figure 8.- Analysis of single bay symmetric Pratt trussed bent.
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schemetically in figure B{b). Although the process comverges rather
quickly afdvantege mey be taken of the formulas developed in eppendis
This greatly shortens the numeriesl caleulations sud slso grovidea

prester accuracy. The balanced momnt at the left apd riuht ends of the

%”%”ﬁ%¢g§1,r)
= {2.5){0.5108)

= 2.2770
The equilibrium dlagram for step 1 is shown in figure 8(c). The fixed

$ruee is glven by

liokege provides sn sdditiopal force Ry &bt the "meutral point.” The
fixed end thrust from the truss remaine constant throughout the moment
belanciog process sines no itransletion is sllowed. The column base
resction Hy 18 eguml to My Aivided by (b + B).

The second step is to coblain a thrust ocvrrection tw eliminate the
external forces By in step 1. Ordinarily the procedurs would be to
meke two correction steps, one for one end of the truss being dlsplaced
whlle the opposite end is beld sgalnst transletion and sncther for the
opposite cese, However, in this pardicular exsmple, becsuse the satire
struclure is symastricsl about e verticsl cember line, it is possible
%o make the thrust correction in one m@uymmmgm.m@f
the truss ot the seame time. Hote that the displacements of the ends smet
both be either towsrd or awmy from the syumetrical center line end must
both be of the sawme megnitudae.

The "peubtral poimt” st esch end of the truss is translated s unit
4 towerd the cemter line of the truss, figure 8(d), while preventing
the jolnts fm roteting. Bxbernal fixed linkeges nye atiached to prevent
further trsnslatiocn. This tronslation cousss a fixed end moment and o shear
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A=1 - : =1
};—1 M Mc _é
B - C
+Kg Col. FEM's -Kg
+Mp - Balanced ~ -Mp
moments
A D

(d) Schematic moment distribution for step 2.
- Mp =0.6502 AE
RA — B

5.0929 AE—~| 5~ Ta =50 AE —(*

|
;
Sym. abt q‘u
Q
o~

HA  «—lA
0.0929 AE

3.

(e) Equilibrium diagram for step 2.

v=‘1.5 |
}T=O.3010 1o j1r 1
° M = 2.1078 f |
o Sym. abt. §,
o~
Hp
03011 —= Av-— "

(f) Final equilibrium diagram.

Figure 8.- Concluded.



-

4.:'. wf’f}o

in the column exnd & thrust in the trues. The shear in the column is wot
W@amnmmmtwmﬁum; Bowever; the
IWsmtmmmmwmmm@am, Bacause the
ends of the truss have been deflscted 2 4 the truss Woust becomes

Tp » 2y = 2(0.85 AB) = 0.5 AB

In most of the ezamples cons

1dered in $his presentation 1t has bean
pacessary o wske A ten units or even one-hundred units in order o
chiain sufficlent significant figures in the colusm bave shear H. The
pon will beoume evident upon axaminaticon of the mumerical quantities
in the moment caleulation o follow. JIn this perticular exemple & unit
& i sufficient but & = 10 units was used to introduce the ides of

im‘w A's., The truss thrust then becowmes
Tp = 1{0.5 4B} = 5.0 AB

The colusn Tixed end soment due to the deflection (10 K} 1s applisd
at .m colam end sud the moments distributed amd balanced ns indicuted
schematically in figure 8(4). Again, use iz made of the Lormulas

developed im appendix A. The balsnced mowent st the left (and right) twuss
sndl is given by -

| - o sl %l - y’
e Ko ¢ &fd « x)
= «{0.7252 AB) 0.08517)10
P -‘;Q,m AB

The squilibrism disgram for step 2 is shown 1o Plgure Be).
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To ghtain the final eguilibriun state the extervsl vesctions
provided by the fixed linkeges must disappesr. To asccomplish this
the following egquaticn mﬁ be trug.

“Ba+aRp=~0

The constont & 38 the correction factor by whioch the force system in
" the equilibrium dlagram of step 2, figure 8(e) is @%&@lﬂa& and the
- product ndded to the force system in the equilibrims disgvam of step 1,
figure B(c). The resultast sum ie the Pinsl state of eguilibriwm,
figure 8(r). The slight residuml {0.0001) 4n R hus been neglected
end is not shown in the figure &£). This sccounts for m difference
in T and E. This ifference (0.03 percest) is nexligible.
For comparison of resulis the column base shears ars compared.

By present method Ha = 0,301

By least Work method # = 0.3010
The neglizible difference is from celeulating exvors ondy. It oan be
shown that the present methol comverges %o the least Work solution.

C. Biongle bay nonsymsetyric bent - fourspanel Pratt truse
A complete desoription of the bent is gives im figure 9{a). This
exsuple vas chosen to further illustrate the method

and show the ebeps
involved in the awmelysis of noneymmetric bents. The mumerical work
regquired for the Loast Work solution hes not been included,

The truss copstents are the seme as used in the preceding eection B.
Prom the equations in plates I and II, using the numericel values from
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(a) Elevation of bent.
M =M Numerical values
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(b) Substitute structure and schematic moment diétribution for step 1.

Mp = 2.2850 Mpn = 2.2015
— B 1¢ 1 1 »=C
Rm Tl *-l_l_J_y_. . Qn
1.3264 B| _o 1 t C  1.2446
FL =1.0 : 1
(@)
= =
(o]
FT = 1.0
Ha ——.‘rA
0.3264 Hp
Py 0.2448

(¢) Equilibrium diagram for step 1.

Figure 9.- Analysis of single bay nonsymmetric Pratt trussed bent.
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figure 9(a), the column constants ore

Homent due to eheay stiffness Bgy = O.T292 AR
Column 2. Moment stiffness o %*&%m

Mowent Gue to shesr stiffness  Kgp = G.4219 AR
Step 1. The fivet step is Lo oblain the belsnced mcunts fur the truss
vertical losding, using an suxilisry force systes to grevest translation
ar%%;aéamﬁa Again the formulas developed in appendixz A ave used to
shorten the nuserical celculstions. The usual moment dlstribution
method 48 indivated schematically in figwre 9{b}. The balenced moment
at the left end of the tauss is given by
_ E¥ep + Ep 4 tBp)
(Ka1  Np)Kog + Xp) - (xip)?
« {2.5X0.91h0)

Bp =~ gy

= 82,2850
The balanced moment &t the right end of the truss is given by
- 23 * Km + 1)
g = gty e S ReL & B ¥ Ty

' (Ky, & KpiKeg + Bx) = (oBp)
- %giﬁx@tM)
= «2.2015

These moueuts ave divided by the respective substitute colwms lengths

to obtelin the colunn shears. She autilisry reatraining forces Ry eod

Gy are computed by statics. mmmmMém&mmmmh
Btep 2+ HBecause the best is nonaymmstric it is pocessary to make two

thrust correction caleulations » ope at sach end of the tyuss, With en
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* susiliory restrainiug force et C to grevent wenslsticn of C, the
left end B 4s translated sn srbitvery distance & under an appiied
force By In this cass the translstion 1s mede to the right although
1t uay be made in either direction. In this particular example 1t is
convenient to let A = 100 units in order to cbtein encugh significant
fignres in the value «f the coluss base shear. This meads thas both
the truss thrust stiffscss and the moment due ¢0 column shesr otiffuess
must be maltiplied by the fastor 100. The truss Shrust becomes
Tap = 100 Ky = 200{0.25 AE) = 25,0 AE
mmmmmumwmmmm&mm
oonsats distributed end balsnced as indicated schemstically in
figare 9(d}. The balanced moment ¢t the left end of the truss is glven by
ty = gy e TEc2 * B - Tp)
(Ko + Bri(Ke + Kg) - (s%g)®
« {0.7292 AB)0.099625) 100
» «7.2639 AB
the alanced poment ot the right ¢od of the frves is given by

= e i
o T G mkea + k) - (el

= «(0.7292 4B)(0.010133) 200

» «0,7389 A8
are divided by the regpective squivelent colums leagths
w&mmmlm%wmma The impressed force Rym sl the
- ewxiilary force Qug sre cblained by statics. The equilibrium diagrem
is shown in figure 9(e). The vertical forces are not shovn because
the fisel values way be computed from the finm) equilibrium berisoutal

base reactions.
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(d) Schematic moment distribution for step 2.
Mp = 7.2639 AE Mg = 0.7389 AE
RAB  —ale £ < o QA]S AE
26.0377 AE Bl = 95 AR J Ve s ap |C 24.017
o~ (o]
H
Ale— A
¢ 1.0377 AE 5 i
T 0.0821 AE

(e) Equilibrium diagram for step 2.

. . JAVe}
: - - QAC
B+MB +MC C\
N\ o9
2
D

(f) Schematic moment distribution for step 3.

Figure 9.- Continued.
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Btep 3. The provedure for thrust correction for o trenslation of
potnt © widle poist B is beld agaiast trensistion ie similar to
step 8, The moment Aistrivubion for the colwum fixed end moments is
ivdicated schewstically is figuve H{f). The belanced mowent et the
luft exd of the tress o given Wy
L. T
(Kgy + BpXKop # Bp) » (v¥gp)®
= (0.4039 AB){0.013623) 100
= Q.58 AZ
nced zomant ot the right end of the trues is given by
_ Bl + Bp - s85y)
(Roz + KxMRo2 + Bp) - (rop)®
» {04219 ABY{0.229517) 100 ~
= 5.56%3 2B
The equilibrium disgrem for step 3 is shown in figure ${g). A check
 on the mumerical caleulstions ia steps 2 and 3 may be wede st this point,
It the end tramedation & in Uoth steps is the ssme thew It cen be
shovni thut the sbsolute vaiues of Hp cbteined in otep 2, apd Hy
obtained in step 3 are ldemtical. BSee the equilibeium diagreme
figares o) and 9{g).
Btep 5. To ovtain the fimal equilibrium state the ewbernel suxilisry
forces must vanish. To sccosplish this the folloving squations sust be

My = Bap

-

By ¢ aBpp + Blpg » O
G ¢ 8Qan + Moo = 0
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Mp = 0.5748 AE

Mg = 5.4643 AE

Bac O (. R 5 QAC
24.9179 AE B| 25 AEM? 1/ C 25.6071 AE
Tp =25 AE
= D
Hpa
0.0821 AE 14 Hp
| 0.6071 AE —*D
(g) Equilibrium diagram for step 3.
Mp = 1.8091 . . Mg = 2.3259
1
T o>
! | e
B je—o -€'t | 14}'- — C
T =0.25684 l 0.2584
o~
(o>}
0.2584 ——',A
| 1.4354
Dv‘-— 0.2584
1.5646

(h) Final equilibrium diagram.

Figure 9.- Concluded.



Expressed in mwerical values

(25,9179 AB)a + (23,6071 AB)b = 1.2b46

The solution to these eguations is

2 = Q.00hk/AR
b = -0,01k06/4%

e constant & 45 the correction factor by which the force systen iz
the eguilibrius diagram of step 2, figure ¥{e), is multiplied and

the constent b iIs the corvection factor by which the force system

in the equilibriwm diagrem in siep 3, figwe {g) 18 multiplied.

These products sre added to the force system in the equilibrium disgranm
of step 1, figare ${c). The resultent sum of the respeciive moments
and forces glves the Pinal state of eguilibriwm, flgure k).

The constant b 18 given 0o four significaut figures in this
particular cese only %o heave the finel equilibriue disgrem, figure 3(h)},
balance exactly. If b  is taken to the first three significant
fizures there will be some residusl (0.4 percent) in the suxiliexy
forces.

For comparizon of resulis the colwmn base ghears are compared

By present method H = 0.2564
By least Work method B = 0.258h

1% should be noted that the method of thrust corvection used

sutomatically takes care of sideswsy. For solld meober bents s sldeswsy

gorrection is often made in 2 similsy wmanner.



Coneider the trussed bent in figure 10{a). This bent s idesticel
to the preceding exsumple except for the latersl forves acting on the
columt at the levels of the truse chords. Thie 1o of course a simplified
side mmwmt%wammmtm&awmw@wmow
load., The two 1/R-unit forces can be cosbined into & leunit force scbing
st the "neutral point.” A seperate analysis for this loading is mot
Wmmm‘w‘g, 2, and 3 of the amlysis in the preceding
section C can be used if one fact is recognized. The lateral load of 1
mast be present im the fimeld equilibrium state.

m‘ worrection

equations as written in step b of section C may be revritten ia the following

forms

B + 8RB ¢ BRAC = 1
“Gi + 8Gap & Ban » O

sed in numerical veluss

{26.0577 AB)a + {2H.9LTO ABYb = RB.5254
(24,9179 aB)a + (25,6071 AR = 1.384¢

The solution to these eguations is

&= ﬁ:my}@
b = «0.5575/AR

The constent & 18 the correction factor by which the force system

in figure 9{e) 1s maltiplied snd the cosstomt b is the correction
factor by which the force system io figure 9(g) is mltiplied. These
profucts are added to the force aystem in Pigure 9{c¢)s The resultent
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© Col. 1 Col. 2
I=10A I=10A @
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(a) Elevation of bent. .
S
Mg = 2.5647 Mc = 5.7081
”—e 1
SO R L W ",
1.0008  Blog3s0 Ploess0  |© (0.0008)
Residual
Q@
L~
(0)]
AT"" 0.3658
0.4665 D T4—0.6342
2.5335

(b) Final equilibrium diagram.

Figure 10.- Analysis of single bay nonsymmetric bent with side load.
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sum of the respective momentoiand forces gives the final state of
oquilibriva for the case of the side lced, figure 10(b).

Conolder the case of a uniform leteral load acting along ths sutire
length of the column. A strict anelysis will regquive the detersination
of the fized cnd moment crested in the substitute colwm sud the inclusion
-of this effect i the analysis of the bent. Mﬁmssw\m&uﬁeﬁ
mmwmwmm:ammmemmmﬁmm
cannot be introduced into the theust correction equatioms without sowe
menipulation. The simplest vey of including extweneous column loadings
is to include their fized end moments in the moment distribution step
m-wwmmﬁ %aﬁlwmwmmzaa&mm%umw
enslysis of the type for step ) for each type of externsl losdin: snd
to combine the foree systems into s single force mystem for the intro
Guction of the auxilinsy forces in the thrust correction equaticns.
This latter approach mey be edvantegeous for considering the sffects
of various combinations of lseding bub any saviog in work over the
formar spprosch is doubtful.

memlvmwmuawwam“ﬁﬂmm&m
column fixed end moments for s uniform loed along the colusma 45 given
in plate VII. Bowever, it s beyond the scape of this vork to include
other possible loadings.

B. Single buy symmetric bent - fixed end column bases

aaw&mmsme&‘mm#mszmmmmw The
truss 1s an elght-panel Pratt with equal ayen chopds, vertiosls and
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PLATE VIIT

FEM FOR UNIFORM LATERAL LOAD ON COLUMN

FOR HINGED COLUMN BASE AND POSITIVE d

Siuswiow pooueTed
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\— Area= A
Sym. abt. @,
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—
I=10A 8t 2 = 16 I=10A
— 7777
(a) Elevation of bent.
+FMT -FMT
B . C
m - O
21 FL =2.0 o)
< <
=
! 775A' ;%v" :§
(b) Schematic moment distribution for step 1.
Mp = 9.7933
B exltlzltlf
3.1317 B 7 ¢ ?
FL=2.0 Sym. abt.
™
—
Ha
A
1.1317 T

"M, =4.9192
(c) Equilibrium diagram for step 1.

Figure 11.- Analysis of single bay symmetric bent with fixed end columns.
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dlogomals. The Lesst Work solution for ibis case iz included in
abireviated form st the ond of this section. This structure is idemticsl
to one used by Rogsrs® (p. 33), It sbould be noted that his sclution
by mowent and tigust distrivution is mch closer %o the carrect Least
Work solution then indicsted before. |
Using the mamericel values obbeined

formmlas developed in appendiz B in the equations developed in section X,

Honment stiffnecs fp = Ouh AE
Toruet stiffness By = 0.185 A%
Carzyover factor T = 0.57%9
Location of “noutral point® B = -l 3

. Fixed end mowent g = 305
Pixed end tiwust #P = 2.0

From the equations in plate VIX, uéing mmerical values from
£1gure 11(a) the column conatants are
‘ | K, = 3.4601 A8
e r%»mms
Momeut due. to shear stiffuess, top K, = 0.4000 AR
Homest due to shear stiffness, bottom  Kg = 0.3786 AR

Step 1. vM:mamuwwmw:mmmem
‘balance the mosents in the structure s indiested schesatically in
figure M{b). An saxilisry force system is provided to prevent trense
laticn of the Joiuts ot B and O. Use is mede of the formulss developed
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in sppendiz A o obtaia the balanced mowents. metat
each end of the truss bevomes

; vﬂg@ .
g+ Byl e x)
= {10.5)(0.9327)

s 9. 7933

My = g »

My = =Mp = ~rgg, Mp |
= w{ 0. 5083 ) 9. 7933)
- n&wm

.S

The equilibrium dlagren for step 1 is shown in figwre 1}{c). The
vy atatics. | ‘
Step 2. The second step 18 to cbtain & Shyust correction $o eliminate the
swiliary forces chtained in step 1. Agedn, o this particular sxmspls,
m-mmmwmuuw1MWameza;,
1% 4o possible to meke the thaust corpection in one step by displacing
both ends of the truss st the same time. Note thet the displacomente
afmm&um%mmamw@mmmwmmw
mist bo of the seme magnitude. | .

Becsuse the ends of the truse hove been dleplsced 2 A the truss
thyuet bocouse

%‘%‘3{@&%@’*95%@
moments distributed and balsnced as indicated schammtically in figuwre 11(d).
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(4) Schematic moment distribution for step 2.

Mp = 0.2699 AE
Ra

— | |
2.6677 AE B _ ‘;_
TA— 2.0 AE Sym. abt. +‘
3
A Hp =0.1677 AE
~* Mp =1.9098 AE
(e) Equilibrium diagram for step 2.
Mp = 9.4765
A 1 1 ¢1 4 1
3 {;T.llllla
0.9348 l
Sym. abt.
3
HA A
—-——"
0.9348 ~ wp Mp =2.6773
3.5

(f) Final equilibrium diagram.

Figure 11.- Concluded.
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Here sgain 1% 1s convesient to make the deflection A = 10 units imstesd
of A=l unit $a order %o retain enongh significsnt figures in the
column sheers. The truss thrust now becames

Ty, = W(0.83 AB) #2;5&3

« ~{0.4009 AR)(0.06732)10
% Wam AS

The column base soment becomes

® LS . KE
et el

= (0.3788 AR)IO » (0.5023)(0.4003 ABY0.9327)20
= 1.9098 AR

The equilibriva dlegems for step 2 is shown in Ligwre lile).
8%ep 3. The egullidrius or thrusd currectlen eguation becomes
- “Bp ¢ a8 = 0

- gtlgiz - )

]
The gonstant » 15 the correction factor by vihich the foree gystem
in the eguilibrium dlagram of step 2, figure 13{e) 18 multiplied and the
product sdded t0 the forue system in the equilibrium disgrem of step 1,
figure 1M(¢). The resuliant eumm is the final state of eguilivriue,

figare 1),
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MW&W%W@WWWMMMM
are emm
By My
By presest method 0.9548 2,673
By lesct Work method  0.9330  2.67T%

For the Least Work solution of the bent ia figure 1idn) the
structure is mede staticslly determinste as ahown in Pigwrs 12(a) snd
the truss mesber ptresaes cooguted. Hext, truss meber siresses ore

puted for esch of the cases shown in Pigures 38(b), 12(c), enk 12(a)
for a ualt force or woment o place of the wnkoowns. The truss wesber
stresses ave tebulated in teble . Plgwe 13(e) fdentifies the truse
membors, M convenience the eﬂlm L/m 3s maltiplied ny ARSI
teble. Also ocertain columns ave multiplied by = muswricel factor to
sliminste fractions. The subswmstions sre then divided by the
raspective factors.

m'wm strain energy in the structure 1o cpressed |
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(a) Vertical load.
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(¢) Column base moment load.
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(b) Column base shear load.

s

Mp

4

(4) Column base moment load.

(e) Truss member identification.

Figure 12.- Diagrams for ILeast Work solution of trussed bent.



TABIE C.- TRUSS STRESS SUMMATIONS FOR LEAST WORK SOLUTION
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JK 1 -3/2| o 1/16 | -1/26 4] -3 3 4] 1 ' [¢] [+] -1
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8P 1 ol -1 o | -1/2 0 0 o ug’ 0 64 0 b o
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o Erew) 076 | ke L e L hiseo L (L;‘g ) L '(;g@g“}: 521 lse L % AN
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3y the application of Castiglisnc's second theorem the redundants
H, ¥, aud Mp way be determined.
gnﬁ;%uq‘%aﬁ
By peyforming the integrations and substitutiog mumericel values
from table ¢ for the stress sumsations three eguations in the thres
unknowns are obtained,

2gh.b B @ 60 My + 60 Mp = 2076
6OH e G‘g*%’*@k*@}*éﬂb“w
6@&0(@ ‘r)ﬁﬁ*( “"“"“""g‘r)”b’@

The solution to these egustions is
- 2 = 0.9350

My = -2.6TTH
% - '@aéﬂ&

P. Two bay struoture ~ aonsyusmetric losd
A complete &mmim@fm structure is given im figure 1¥a).
The truss is jdenticel to the truss wsed in the preceding section XIX-B.
This exsmpls is also identicel to the one used hy Bogers?, (p. ¥9). The
truss constents are the same as given in gection ZXI~E. Prom the equatiocns
in plates I snd IX, using muserical values from figure 1%(a) the column
constants £or all three columns are
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1
191,111,115
[AN]
L Area= A
S =104 I=10A I=10A
1 J;’
’% 16 J?» 16 >
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(a) Elevation of structure.
%_ 0.1372| r =0.3739 |0.1207/0.1207| r =0.3739 |0.1372
B c"\g . E -

; / +10.5 FEM -10.5 : s \ Do
-9.4919 : : +1.3129 +0.431 -0.431
o| +9.4012 -9.7256 @

BA D3, Fg

(b) Substitute structure and schematic moment distribution for step 1.

M = 1.3129
,etlllllLlH* (

Mp = 9.4912
R ——a

{
2.7301 ™

13.0

Ha
0.7301 ~ "¢

FL =20

—

M = 9.7256

Mg

Qu = 2.6471

8.4127, 4—*
Q—-‘ FT = O

13.0

Hp
£ 0.6471

(¢) Equilibrium diagram for step 1.

— )

Mg = 0.4318
I Pm
] 0.0332

13.0

Hp
— 0.0332

Figure 13.- Analysis of two bay Pratt trussed structure.
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Homent stiffness %az;ﬁzﬁaw
Moment due to shear stiffness Ky = 0.19345 AB
mm.mmmmxmmmmw.m
‘aisteibution betag contimied wnbil the unbalense vas inesgnificant in |
the fourth decimel place. However, in opder to ahorten the presentation .
end to slmplify the Pigures, only the fized end moments and the balanced
mopente are shova in the figures, alomg with the carryover factors and
the dlstribution factors used in the snalysis. The mmber of cyoles
wa&mwmmwm'wwummmmnm. 1% is
mmamtmmmmmm&mmmma. Therefore,
some of the vbvious procedure will mot be redsscridbed in detall nor will
sone of the lengthy descriptive terms be repeated in Pull. :
Step 1. The Tiret step is to apply the truss fixed eod moments and to
balapce the moments im the structure st indicated schematically in
figure 13(b), An suxilisry force systes is provided to prevent the
transletion of jJointe B, €, and B. Pouwr cycles of distridubion were
sufficient. The egquiliteiwm dlagram is shown io figure 13{c¢), the columa
mwmwmsamtmsmmmmww:ﬁm
Btep 2. 'The second step is to tramelate joint B a distance Ag while
Mwmmuwm;:»m» € and B. Again 1% is convenlent
to 1ot g = 10 unite. The trues thrust becomes
Ta ™ 30 Ki = 10(0.185 AB) = 1.25 A
The £ived end moment ia the colusn AB  becomes
10 Ky = 10{0.19345 AB) = 1.9345 AB
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A
RAR jlo.1372|r = 0.3739[0.1207/0.1207| r = 0.8739 |0.1372
+1.9345 AE | [B ¢ : C : : E T .
: ~0.2615 AE -0.0872 AE . o ~0.00"
10.2615 AR +0.0118 AE +0.0039 AE] -0.0039 AE
+0.0755 AR
A i Sl
- (d) Schematic moment distribution for step 2.
« M=0.0872 AE M = 0.0118 AE
M = 0.2615 A.E. ’ ‘ Mp = 0.0039 AE
= U. . o = U.
RAB M = 0.0755 AEye— QaB= 1.2442 AE " p
1.2701 AE Tp =1.25 AE Ta=0 0.0003 AE
< Q )
3 o )
Ha Hp Hy
- |
0.0201 AR 0.0058 AE 0.0003 AE
(e) Equilibrium diagram for step 2.
( [ X
: 7 5 AE
N Mp = 0.0039 AE ) ‘ QAR = 12442 AT Mg —PO.2615
AE S =0 0.0755 AE” [e—TA = 1.25 AE =~ —%jo— AE
0.0003 AE A 1.2701 AE
Q Q Q
jap) [ap) [ap]
— —t i
HA e _, HD —_— HF
0.0003 AE 0.0058 AE 0.0201 AE

(f) Equilibrium diagram for step 3.

Figure 13.- Continued.
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The moment distrivution is performed as indiceted schewaticnlly in
figure 13{&). Three cycles of dletwibution were sufficlemt. The
equilitriom diagram is shown in figure 13(e).
tep 3. The third step is to trenelate joint 2 & distance Ay while
| preventing the trenslation of jointe B and C. Becsuse the structure
is symeetrics) the force system in the equilibrium disgrem for step
mnwamnimm@mm»mmmmmu’mmm
of step 8 I &y = 4p = 10 units. The eguiliteiua disgram for step 3
is shown in figure 13(f). If the etructurs is not symuetrical then &
separate distribution mast be performed for the effects of g
Step 4. The fourth step is to trapslate joint ¢ s distonce A = 10 units
while preventing the transistion of jolote B ond B. The trenslation
in this cuse produces thrust in both trusses. The distribution of the
fixed end moment in columae IC 15 infloated in figure 1¥g). Three
eycles of distridvution were sufficient. The equilibrium diagres is
shovn 1o figure 13(b).
Step 9. To vbtals the finsl equlilivrium stete the external suxiliary
fopces muet venish. PFor these forces to vaalsh the following equations
st be trued

“Ryy *+ aHap « DBan ¢ cBag» 0

R ~aQPp+dRorclageo i

Py-aPpn-bPpp-cPg=o

Rxpressed in nuamericsl velues from Pfigures 13{c), 13{e), 13(z), snd 13(n)
these thmst corpection egualtions aye

27301 « 1.2701 & « 22542 b + 00003 ¢ = 0

2.607L « 12042 a ¢ 2,5758 b » 18042 ¢ = O

~0.0338 « 0.0005 @ « L2M2 b « 12700 0 = O
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0.1372 r =0.3739 |0.1207{0.1207|r = 0.3739 0.1372

. B - : C : FV o
: -0.0757 AE -0.2301 AE | [\ \ : \\ K
+0.0757 AE , +1.9345 AE0.2301 AE |\ \-+0.0766 AR

© po—t/ $0.4602 AE| -0.0757 AE
D A

(g) Schematic moment distribution for step u4.

A

_ -t { }
Mp = 0.0757 A Mp = 0.0756 AE
B "Me = 0.4602 AEJ—0)\¢ = 25354 AFS s By

_N

Rac & —
1.2442 AR Th =1.25 AE TA =1.25 AE 1.2442 AE

M=02301 AF, M =0.2301 AE N
v +

<
)
=

13.0
13.0

«— HD e— TF

Ha o
0.0354 AE 0.0058 AE

0.0068 AE
(h) Equilibrium di.agram for step 4.

M =1.1468
AR N IR RN R NN i N
<
il M= 10.1019‘“ t '

Mp = 8.7250 Mg = 8.9556 ME = ck.‘zzgo‘
.—d

[ fi\
%Séi?gja{l ﬁ“'0-6713 —*g"0.0177  0.0177 Vg
R

13.0

@]
[22]
Lo}

13.0

" $770.6888 I 0.0176

0.6712 %
V =3.4139 V=4.,1721 V = 0.0860

Hp A o Hp Fl__Hr
4.

(1) Final equilibrium diagram.

Figure 13.- Concluded.
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a = 2.7595/A8

b » O.62R9/2%

e = «0.6366/A8
The incluston of the AR term was inplied in writing the equations.
The constant s is the correction festor by which the force aystem in
figure 13{8) is multiplied; the constent b is the correction factor
wm@mm.mmrwzzia:ummmmmw
¢ -is the correstion facior by which the force system in figure 13(2) is
maltiplied. 'These products are sdded to the foree system of Pigwre L3(c).
The resultant sus of the respective momenta and forces gives the flmal
state of equilibrium, figure 13{1).

| By Bp By
By present method B.6732 ©.6088 0.0176
By Least Work method 0.572k 0.680 0.0176
e B —

The Ianst Work solution for this case is not isclulied bere. However,
the simultanscus egquaticns obiained are given balow for reference.

(1) 28554 Hy + 1427.2 Hp + 832 ¥p = Hhok

(2) 2497.2 By ¢ 1gh.b Hp + 516 Vp = 1666

{3) 832 H, + W16 By + (350 + 16/2Wp = (2736 + SWE)
¥p = haT29 .

For the case of symmetricel loading of the ebove structurz as presented
in the following sestion G, the least Work solution reducsea to s sat of
simmltaneous equations idemtical to those above gxcept for the load texums



ua;«'!va

on the right side of the equations. These load terms for the case of
both trusses loadsd sre, in the same order

(1) 8808 L .
{2) Lok
{3) {3472 + 126/2)
" vp = 8.3438
Bp = 0

G. Bwo bay structure - symmetric losd

This structure is identical to the one in the preceding section XII-F.
Both trusses are tazken o3 cumpletely losded thus providing a sysmetricsl
10ad o the stewcture. There is no need of o seperate spalysis beceuse
the eguilibriva state for this ezanple may be oblalined by superimposing
the foroe system of the fimel equilibriws dlegrem, figure 13(1), of the
preceding example upon its mirror image. Wﬂ if & seporate snalysis
were performed; it would not be necessary to malle & thrust correction
for the translation of Joint £, becauss the structure and loeding are
symsetrical. Ope snalysis could be made for the tremslation of joint B
and ite mirror imege taken for an egusl translation of joimt E. Two
squations would then be cbtelned, lesding to the final state of equilibrium.

Before the least Work solution for the preceding example was chtalaed
| in corrected form a separate pumericsl snalysis wes performed on this
symaetrical case to check w anslysis of the nonsymoests
results are presented bLelow,




o sﬁ*

l‘ W

Bonsymantric i is
¢ lond anslys:
2 Plus 1ts mirror imsge

is
mmtr apalys:
w g&miﬁ&uﬁrwm

2, Bymmetric

- 0.653%6

0.6336

0.6538

0.6337

0.6536

6.6536

0.6538

0.6537



‘ « Bingle bay bents
mmmmwmmmmmwmnww
W&W%me«wkwmmwﬁ.

The structure is shown in figure 14(s). The truss is identical o
that in section X<C. The grocedure for amalysis 1s sdenticel %o that
cutlined in section XIT-B. The oaly difference in this case is that O
is positive and also the fixed end thrust is of opposite sign tban fur the
horisostal purallel chord tyuse. In general, this should be true for sil
arch~type trusses. Recsuse the procedure hes been outlined before owly
the final results are shown in figare JM{b).

| By present mothod Hp » 0.2513

By least Work method  Ha = 0.203

L

The strusture 1s shovn ia figare 14{c). The grocedure in this case
is identice) to thet outiined in sectiom XII-C, Omly the finel vesults
are shown in figare IN4). -

By present method By = 0.1700

By leost Work wethod  Hy = 0.1T30
In each of the sbove cases the forwlss developed in sppendix A veve
used to cbjain the mowente. |

B, Three bay symmetric structure
A description of the structure is given in figure 15{a). The truss
1&%&@1%%&»@1@&&%&@%, The truss constonts os
svalusted in thet . sention ave
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1 11 |1
1 1. 1 1 1 1
1 l _ 1
; _ ]
/ZArea =%A\/KArea1=A T~
I=10A I =10A| I=10A
Sym. abt.
& 16 B, 16 A 16
T L t

(a) Elevation of structure.

| r =0.1770 r=0/1770___ 1 =0.1770
0.1000} [0.0909]0.0909 10.0909]0.0909] 0.1000
B C ‘\? ’ - E “\é G
N LAu}dliary I
force o3
| l (Typ.) +3
Sym. abt. § ' <
A D F ==
B B B T
(b) Substitute structure for moment distributioﬁ.
M=35113=M
(5 i (7 1) (e )
3.5676 3.5676
Mp = 3.1610 n= 0.0040 00040 =P, Mg = 3.1610
2.2958 ot e o 2005
. — | — et | i .
Rm | §T = 2.5205 FT = 2.5205 FT = 25205 K
Ha HD Hp HH
0.2247 — 0.0040+— i—>0.0040 §0.2247

(¢) Equilibrium diagram for step 1.

Figure 15.- Analysis of three bay Fink trussed structure.



Homent stiffness
Throst stiffnass

Carryover factor r « 04770
Fixed end momsnt M = 3.5112
Fixed end thrust #% = 2.5205
location of "neutral point” B = 0.0668 feut

From the equations in pletes I aod II, using the muericsl values
from figure 15(a), the column’ consteants are
Komenot stiffoess K, = 2,946 AB
Momest due to shear stiffness  Kg = 0.8093 AB
Because the structure and the loed ere symsetrical abowt am elevaticn
center 1ine several ways are possible to shorten the anslysis and sre
used here. The extemsion of the presentation 0 o mopsymmetrical case
should be obvious. Also, 45 order o shorten the presents

tion, the
figures are precented in sbbreviated form. The equilibrius disgrems caly
are shown for esch step.

The fixed ond momeuts for each cagse ware spplied 4o the substitute
structure ia figere 15(b) and the mooents bvalanced mumerically. Thres
cycles of distribution were suffictent ia all cases to reduce the unbelauce
to & negligible amount in the fourth decimal place. m&mmm
and the suxiliary forcess were computed by siatics. o simplify the
disgrems the vertieal resctions sve not shown for all steps. They ave
indlcabed with valuss only in the fimel equilibrlum disgran
Step 1. Plgure 13{c) shows the equilivrius diagram for the vertical load
snalyeis with Joints B, €. B; and G bheld agsinst translation.
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Step 2, Joint B 4o tremslsted a distance Sy » 10 units with Jjoduts

C, B, snd O held egaingt transiation. PFigure 15(a) ebows the eguilibriwn
disgram. The equilibrivs diagrem for joint G trenslsted Ag » ~10 units
umMrwwmma}mumtmw,

, Step 3. Jodnt C Iis tronsisted a distapce & » 10 units with Joints
B, §, and O beld againet transiation. Pigure 13(e) shows the equilibrium
dingrem. The equilibrius diagrem for Joint B translated & = ~10 units
'mwmwmwﬁmme}mssmm.

The suxiliery forces Ba Qu Pg» o0d Kg must be meds 50 vemish.
From the equilibrius dlagrams of the mbove three steps the thrust
coyrection equations for the eliminationm of the auxilisry forces bectus
in numerical velues

22958 + 6.4117 & ~ 6,8%15 b + 0.0003 ¢ =0
000D » 6.2016 5 + 12.TOGR D + 6.20%9c + 00002 A = @
0002 & = 5.2435 b » 12,7968 » 62ME A = 0
“ 0,000 b + 6.8815 ¢ » G.BIXT 3 » 0
Because the structure and the losd ave symmetricsl in this case the
solution of the equations wss sis@lified by recognicing that
s=d and b=

The first twe equations were nued, gziving the soluticn as

8 = 4= -0,5262/A8

b e o= 0. 1T27/AB
The imclusion of the AR ters was implied ia writing the equations, The
force system in figure 15(d) is multiplied by the constunt a and the
foree system in the mirror immge of figure 15(d) is muitiplied by the
constent d. The force systes fn figure 15(e) is mltipiied by the
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0.3369 0.0338 0.0028" 0.0003
£ ¥ (
I\ — 3
M = 0.3031 Q P
MB = 2.0905 . g0
B S E A 62416 32— 0.0002
6.4117 TA = 6.2631 TA =0 0.0025 0
o
[{e)
©
S
3 By
0.1486 0.0215 0.0002
(d) Equilibrium diagram for Ag = 100 units/AE.
1.8977 1.8983 0.3064 0.0305 0.0049
<t N _f Y ( )
\ Y A ]

Mp = 0.3033 M=3.7974 Q M=02759 P 0.0049 = Mg
R~ 12,7962 T 6.2435 —~ K
6.2415¢—|—> T, =6.2631 *|*— T, =6.2631 —» Tp=0 <— 0.0003

|
8
!
<H
HA — Hp Hy Hy
0.0216 +— 0.2700 +— le—0.0196 —>0.0003
(e) Equilibrium diagram for Ac = 100 units/AE.
M = 4.3142 *Load M = 3.0574 M = 3.7698 Load
_{: ‘\f —
115785 1.92151 o }
' M = 0.7127
Mp = 4.3142 AN AN '
+— 0.3065 0.3065 —*— 0.3573
Sym. abt.
0.3066 —| 0.0506—»]
1.5785 }3.9215

(f) Final equilibrium diagram.

Figure 15.- Conclucied.
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copstant b M'mtaqummwmg@WWMﬁ
i maltiplied by the constunt c. The products are added to the foree
system in figure 15{c). The resultant sum of the respective forces
end mowsnts is the fisal state of equilibrium, figure 13{(f). The verticel
reactions were computed from the finel sguilibvrive @logras

fhe least Vork solution to this example was made by Vitsglisno'.
Hovever, by the author's owa ndmiesics, his results are in error. The
thet the appevent differcmces in the veluos sctually exish betwsen the
vortiwhiles ©o reproduce the Lesst Work solution to obtain betler sgressent.
On the bapls of results Srom grevious wmeples the reactions cbtsined
by the present method sbould not differ from 3ue correct Lemst Work
wmmﬁﬁmwmlmmm Por furthes comparizcn the soluticn
cbtained by Brown® is also included. The method used by Brown is alac
convergeat bt the copvergence ie slow.

Ba EBp hi
By present method 03066 00306  3.9213

Solution by Vitagliemo®  0.3881  0.0603  3.9145
(Least Work method)

Solution by Brown 0.3109 0.0535 3,914




The results cbteined by use of the yresent method are in excelleat
5% with the results obtained by the Least Work method. In crder
o cbbain scowrete results for couparsiive parposes the computations
wore covried to four decimel places with origiual mmbers of five end
2ix significent figures in the cunstants of the strmeture, Also certain
truss comstants vere swetimes manipulsted to cbtain significent figures
in the colwsn base shears at important points. Three siznificant figures
in the coluamn bese shears, whare poasible, were penerally considered a
sufficiens minisum, aithough four significent Tiguves were generally used
in the sigple structures. In saltibey structures it is not feasible to
hold to & given nusbar of slenificent figures for sll resulting values
becsuee the mowents (and the column base shears) decny rapidly sway from
the point of applicsticn of the fixed end moments. This i cbvicus ia
figores 13(c), 13(e), 23(k) asd 15(4) andt 15(e).

Also of imterest is how wuch error oan be expected in the results
ameﬁiIﬁ%Wanmeam. Comparisons
can be meds for the specific eusmples presented herein if for the uo
thrust conditicn the present mothod of asalysis is used to cbtein the
balanced soments ond bese shears due %o the vertical losda,

Por filustrstion cousider the first exemple of the perallel chovd
Pratt trmss, section XXI-D, and the asetciated figures B{c) and 8(f).
If the thrust is neglected then ¥he results from the distribution of
monents in the firet etep, figare 8(c), will provide the solution
becanse the fixed end thrust is consldered zero.




Sorvect seiwtion By = 0.301)
golution for mo thrust  Ha = 0.3253

Bow consides the swemple of the Fink truss in section X284 3,
and the sssocinted figwres 1{a) and 14(b). The wmowent disbribution for
the first step is not shown here but the results are used.

Correct solution. Hy = 0.8513
Solution for no thrust By = C.2207
Brror «3.9 pavcant

For this particular Fink trussed beat the error in Hy Gus %o neglect
of thrust is spproximstely ~10 pavcent for varietions ia the colwmm I's
feom I1=28 to I 300A.

In the exemple of the o bay structurd im section X1I-G, the colum
hase sheers aye about b percent higher than tha exact solution Af the
truss thrusts sre neglected. | .

Table D is o presentaticn of ccuparsiive errovs for othor exeugles
presented berein. For the case of the eightepasel Fratt truss with fixed
end column beses It is evident thet the meglectwof txuss thrust can
result in comsiderable ervor in the eulumn base shenr and base moment
elthough the moment in the column ot the lower end-genel point of the
truss is not affoctad to the sems degree.

Pigire 16 shows the column base moment and bsse shear varistion
for 4ifferent colum I velues for the eight-penel Pratt truss with
Tized end columns. It is poted that the bane moment My 268 sign

cimstely I e 20A. Also the value of Hy Aiminishes affter a
peak value ab epproximately I < 4A. These remults sre not indicated
in on snelysis wherps the truss thrust is neglected.




TABLE D.- TABLE OF COMPARATIVE ERROR FOR WEGLECT OF TRUSS THRUSY

1. Honsymmetric Pratt Truss in Section XII-C, Pigure %{s).
Coluan I 34 | 104 | 200A
Wmmaé.ké.’f T

2. Honsymmetric Fink Truss, Pigurs 14{c).
Colusn I | 54 |10A |20A | 1008
mm ervor o H *8*2 “3#3 ”&DQ 'FB»E

3. Bymsetyic Zight-Panel Prett Truss in Ssction XII«E, Pigure 11(a).

Coluam I ba |84 Jloa |20A |25 (h0A

Percent ecrror in Hy (2.5 9.0 |22k | 315 |43 |87 |96

Percent ervor in My |28 |61 |8 [ k30 | 7900 | wyomg sien

W grror in H' ‘mtg "&:h ﬁq’ﬂ ”&n? ~?g§ "‘8*0 P&n?

W= Hy by v My .
Positive evror is higher than, and negative ervor is lower than, the
correct value.

“
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m}?n

ummwrmwmmmm«mm@m
rasults of neglectins thrust are

By . Bp Vo
Sorrect solubton 04 3066 0.0506 3.9215
- Soluticn for oo thrust 0.20%7 «0, 004D &-W'
Error ~27 pevoend 2,7 percent

A preliminary lovestigetion ves made for a more realistis single
vay structure sousieting of o li-penel, 42~ by 3-foot decp parallel
chord Pravh tvuss vith tem WP 4 columss of clear height 1B feet end
hivged colusn bases. WWWW&W
design for oxdimary lcuding conditicas. 'The cclusn I was approximetely
aqusl t0 54 A where A 1o the chord ares only. The column base shear
obteined by neglocting the thrust vas sbout 7 percent higher thaa the
exact valus.

It agpoars that for single bey structures with hinged coluwmn
bases the column bage sheer obbtained by neglecting the truss thwust
is, fur verticsl Josdings: 1. Slightly grester than the exact solution
for horiscatal parallel chopd trusses; 2. Smaller than the exsct
solutios for Fink trusses ov srched type structures. Howsver, for fised
column basas the paglect of thrust can result in serious error ks
illustrated in table De3. Ko other genevelizaticns ere varrented on the

besis of tha esamples warked here.




1. Thet vith the method presepted moment ﬁxmw can be saslily
mnaw%mmvmumwmwmwm.

2. Thet it cen be shown that the present method converges to the
mﬂtﬁmw&m@.

3. Thet beceuse the derivations of the truss constants vere made
mmrmmmmmmmummmmmmww
hodd true for all typeas of trusses that may be used for trussed benss.

b, That the mothod reguires little wore work than the asalysis of
a8 solid wember bent provided the truss constants are known.

3. That, in gensral, the comvergence of the womenta is rapid. This
is due to the small carryover factor and the suall distridution factors
for the truss. This should be true for the mejority of practical cases.

6. That the snalysis of saltibay structures ¢sn be mede with relstive
wznwmuxmmmmm,wmu&mmu
must be determined. However, there is 1ittle or no sevitg in work over
the Least Work msthod for s aingle bay atracbmre ualess the trusa copstants
are knovn.

T That sidesway dus to sonsymaeiric structure or ponsysmetric load
is teken care of sutomaticelly by the method. This cesurs in the thrust
correction sguations.

8. That the standardizetion of trusses ond subsequent tebulation of
trusg constents are now both highly fessible and desivable. The tabulstion
of truss constants is feasible because the constents can nov be referred to
a single point - the "meutral point” deficed hereia.
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9y The only sppavendt objectionsble fenturs of the present melbod
iz the necessity of selving simultapeously the thrust correction eguations.
‘mmmmmnmm»mmmwawswmm
eme; symmetric structhwre and losd. Yhese equations must be solved
on & calenlating wechine because, in general, szall differences of
large pumbers ave involved. mmemzsmwa

10. Becvause the edepples presented were largely academic no study
ves made to determine just how wmany significent figures are regquired
for various degrees of accuracy of the ms.a*&m' Pour significant
figures in the structure constants should be sulfioclent. OF course
decimal point menipulstions amy be necessery in certain cases %o oblain
slgnificest figures in the colum base shears. However, the use of
axﬁ;asiwsw, say wore than six, mmtmmmmw
the caleulator.

1l Ho general reccemendaticons sre offered as for what cases the
thrust mey be safely meglected in the analysis. Any worthwhile
mendations would require extensive imvestigation for many different cases
maszmmmwﬁ. Therefore, on the basis of the
results obtained herels, it iz recomsended at the present time that the
effocts of thrust be considered in all cases, especially wultibsy structures.
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The method of application of moment distridution to trussed bents
developed in this investigation provides sn sccurate and relstively essy
‘mwthod of snalysis of trussed bents. It is believed that the method fills
2 gap that bus long been cverlooked in the meny applicetions of moment
distribution to structure) amslysis. "

A point at the eud of the trues sbout which mowents mey be varied
ﬂmmwwwwwmﬁnmwmmmméw
chenging the woment 1o located and defined ss the “meutral poist” of
the truss. Gpecific equubions to express the location of the “neutral
point” end the necessary truss constants ave developed in gemeve) berme
of the truss stress sumntions snd truss dimensions. A m:.wm

solumn-truss stiachoent is devised ss a concentrsted mtvw Joint
at the "peutral point.” Byuations ere developed to express the necesanyy
constents of the substitute columm relative to the “nmutrel poims.”
These imnovations provide & substitute structure to which soment
dlgtribution may be spplied in the ordinery smenper. Alse this substitute
structure provides a mesns of incorporsting the trussed bent isto s more
complicated structure such as & trussed bent within or om top of s multle
story rigid frame structure. mmmmwmm'mumw
translations is mede in the scwe sauver se for solid mesber bents.
The meny exsaples presented should b hly Lllustrate the methodt
/mmmmwwwmwmgm@. Chwicusly thore mey be many
aﬁm@m%@@mmmmﬁm#mw@smﬁmumm

meterial prosented should provide the desis for extension of the sethod 4
handle these partioalsr ceses.



The suthor wishes to exprvss bis appreciation %o the Hetional
rtunidy to write this thesis m?u:—m reprofuction of tbe
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e also wishes fo thenk Professor D. H. Plette, Head, Depertuent
of Bogimeoring Mecheuics, Virginia Polytechnic Institute, for his
suggestions and constructive criticlem during the preperation of
this thesis, |
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APPEEDIX A. mmxmmwmamuawwm

A. Gensral

In order to save caleulation time aud to provide for more accurate
resalts in the amslysis for compavative purposes, series solutions m
devised to express the balanced moments obtained by moment distribution
for the single bay structure end for the partieulsr losdiings encouutered
lm the iavestigation. Yhe ma of derivation will be illastrated for
ome particuler loeding on o gensralized bent and only the final resulte
will be presented for the other cases.

znmqmmtmwmmw.Wuaxmmwm
magnitude of the bent base yeactions the bean @will shorten or elongate
& rolatively large emount. This is evideat by the use of auxiliayy
restraining forces at endh end of the beswm. This was done to make the
m&m:mmmwMWWWMWmmmmtm‘
Also the beam iz considered physically symaetrical sbout its slevation
ceater line so that the woment stiffuess and csrryover m are the
some Tor both ends. Because there are no carryover maments from the
coluwss bases the eguations are siuplified grestly. "

In order to eliminate excessive subscripts the balanced moments
carry only one subsoript denoting the jeint at which the moment acts
(Lee., Hpls Pized end mcments sre given ss pify, desoting the fixed
end woment 8% Jolut RB. The origin of the fixed ¢od woments and whether
they origivate in the column or in the beam is designated by word oy
other indication Wbt not by subseript.




B. 8ign convention
A moment is considered positive 12 it tenmdls %o rotate the wdjacent
joimt clockwiee. All fixed end moments have been sssused positive.
Por o negstive fixed ecnd moment iahwmlyww%
moment with correct sign in the genersl eguation. All equations

the balanced moment st the colusme-beasm joint give the beam moment wm:'
correct siga. This fors was chosen for conformity end becsuse the sign
is iflenticol to the sign of the moment o be applied to the column as &

C. Column base detail

All cases have been Gerived for fixed coluamn mm, and the valus
of the column moment stiffness used in the moment eguaticns must of -
course be for the fixed end columm. With certain ummm@ the
equations apply sleo for the cnse of hinged column bases. The coluss
base moment of course becomes 2ero. Becsuse there is po carryover from
the base to the colummebsam Joist in the derivations the gemeral moment
equations for the colwmi-besm joint are not changed. Therefore, it is
aecesssry only %o use for the column moment stiffness in the egquations
its value for the case of the hinged column base. |

D. Illustration of derivation
Pigure A-1 shows the distribution snd balancing of moments in
arbitrary terms for besm fized end woments due to & verticsl bess load.
The column~beam joints ere held against translation. The besm dlstridue
tion fectors are 7y snd B.

aw%&’»m a@@w
A S "R ey

4
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wiﬂ?n

mwmmaorwmfwmwm%m B

ug = pgla - )3 ¢ 7827 ¢ R T
’ﬁ‘ﬁ(l - ?}33'[1‘ * ?&ra * 73&2#“ ¥ ?}5%5 * Mu]

poth 7 and B are less then uniby. mwwrtwwr r
ie sspumed less thad uniby. mepafore, e geries within the wrackets

ig convergent. I8 uth  teym will be

(rop-d x0e2 = (7pe?)™

Apd the cOEROR roatio is )
; "
merefore the sul of the aymafa is
1 - 787

The balanced popent then beQomss

-7

w» - {l
g = (giip - B PO) T o2

gimilarly

(1 -~ 8)

ﬁc*‘%*ﬁ'm}m

Mc&wwtat B tswcwmmuwcxfm given above.

Por this particulsr case the colim base mement 2t A 38

My = rol ~Hg)
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The above equaticns sre in general terms of the Glstribution
factors. In cesee of symmetrical load and symmetricsl structure the
equations may be further simplified. et

B = giip = «pilyy end Kol - Kop

S e

s g
Fm%éﬂ@(l-r}
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A. Nonsymmetric structure - nohsymmetric beam load.

FEM's
+M +M
;1 F.IB r Fu C .
B . KT . C
Mp +Mg ———— Balanced
moments
Ke1 . [Ec2
rCl rc2
- _
AR
Mg = (fMp - Br Ffc) (—l——';ll— (2.01)
1 - 7BI‘2
Mc = (BMC - 7r FMB) (—1——'% (2.02)
1l - 78r
“Mp = - rg) M (2.03)
Mp = ~ rgp Mg (2.04).
B. Nonsymmetric structure- symmetric beam load.
M = FMB = -FMC
Mg = g Ko1{(Kco + Kp) + 7 T:] (2.05)
(Kc1 + Kp)(Kce + Kp) - (rkp)@ :
My = KCQ[KC]_ + Kp + rKT] - (2.06)
(Kg1 + Kp)(Kez + Kp) - (rKp)
C. Symmetric structure - symmetric beam load.
W = B = -FMC; KC1 = Kc2
Mg = Mg = M ——C (2.07)

Ko + Kp(1 - 1)

(a) Case I.

Figure A-2.- Equations for balanced moments.
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A. Nonsymmetric gtructure - general column loads.

+pMp

+pMpa

/

T 18]

B™—(Mp) Ky (Mco)—" C

Ke1 KC2
re1 Tca
AR +FMp
D
7777

Balanced moments

Mp

Mc

B. Symmetric

I

B

I

"1 - 9r

My = gy + xp (st + g pr) L2
: 1l - 9Br

Mp = @ + rop(-gig + gl 77) Li‘:-ﬁlg
1 - 9Br

structure - symmetric column loads.
*

1y - Mg = -Mos Kop = Kep

Kp(1 - r)

Mg = -Mg = -glt
Ko + Kp(1 - 1)
K¢
My = -
A = Pl ' reyl M Ko+ (1 - o)
Mp = gMp + rco. pM e
Ko + Kp(1 - 1)
) (b) Case II.

Figure A-2.- Continued.

[ria - pr2)7 - Bic(2 - 7pr] ——
=T

[-mc(1 - 7)p - miB(1 - B)ox] —L—

2

N +pMc (FEM)

(2.08)

(2.09)

“(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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A. Nonsymmetric structure - column load one side only.

Tl\ T — B
:FEmA'thﬁg'//ﬂIB (L&B) KT (BAC) G
i M, 1N AN
o s o &
A
+pMa A
i
Balanced moments
Mp = -~pMp M
(1 - 9pre)
- -plip Kr|¥cy + K7 - rEKT] . (2.15)
(Kc1 + Kr) (Koo + Kp) - (rKp)
o ey 2x(1 - B)
Mp = -glig v
_ Koo rKp
= -pif (2.16)
B (Ko + Kp)(Keo + Kp) - (rKp)2
Mp = My - roy pMp -13;5—115—
(1 - 9Bre)
= gy - rg1 MMB Koy (Kop + Kr) (2.17)
(Kc1 + Kr)(Keo + Kp) - (rKp)2
Mp = roo gl %EL;-:{%l
- 7Br
= "1'02 Ma (2.18}

(c¢) Case III.

Figure A-2.- Concluded.



A. Generel .

In the course of the igvestigstion of trvssed beats 5t becass
Mmmmwmmummmwm
Frott truse in gesersl terms of the musber of punels, the truss
geowetry sod the mewber aress. These expressions are sbows in
figares Bel and Be2. The sumsations are of course for the restricted
mwwmmwmmwmmmwwmm
© the meaber sizes would pot be worthwhile.

The genersl summtions were cbtained by meling stress caleulstions
for &, 6, 8, 20, snd 12 punel trusses snd tabulsting the various
t perde such es top chord stress for & glven sumation. From
' shese tebulsticns the repetitive pattern of lncresse was Getermined
and the swamation of the purticuler part expressed in terms of the
ausber of panels n. mmmummwmfma P oumbers,
the sua 0f the sguares of the fivet p mmbers, otc.
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> t,s,v,b = member areas

n panels /»7

NS

N
N S.

k
EY
Y — 2 v
n.,;é@x\\\ ' ///4&r ]
— 7 f
nl
Truss loads Panel nomenclature

g

A=

Summations

=1n

wn
no
=

1

ois

[e2}
>3

n

I

Z

=l e

member stress
l1+k

for X=Y=2= 1.

i
t

[

nl
2

27

, L
S Lo
¥ Sz 3

= e

MML\U?IMMM
o
> |

_ n(1+n2-5n+2)1 '.5l (n-2) 51 n(kn2 + 3n + 2) 1
[ 12n2 —§7\S+ n It 1ion2 b

L

A

<1+n2 o 201,032, -2 432 _n(2-n-2)1
t n2 s ne v 12n2

Figure B-1.- Truss stress summations for n—panéled Pratt truss for

general end loads.
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P Pl Uniform load at
panel points

D (n-1)
2 Total load = P(n-1)

e

~
N

Truss loads

For panel nomenclature see figure B-l.

Stress summations.

g, L. _n(x®+3m-2)p1

) Sp Sy = - -2) P11

ZP X a 2l Kt
S Su Z oo o n(n + 2)(2n - 1) 1 _n(n - 2)(2n +1) LI P
PY R~ ) % 18 bl k
L_|om+2)(en-1)1,n(m-2)(en+1)1|P
ZSPSZA‘[ 55 o 15 b| K

Figure B-2.- Truss stress summations for n-paneled Pratt truss for
uniform panel point load.



